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Abstract
In this paper we look for AdS solutions to generalised gravity theories in the bulk in various
spacetime dimensions. The bulk gravity action includes the action of a non-minimally coupled
scalar field with gravity, and a higher-derivative action of gravity. The usual Einstein-Hilbert
gravity is induced when the scalar acquires a non-zero vacuum expectation value. The equation of
motion in the bulk shows scenarios where AdS geometry emerges on-shell. We further obtain the
action of the fluctuation fields on the background at quadratic and cubic orders.
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I. INTRODUCTION
When well known framework of quantum field theory (QFT) on flat spacetime was applied
to Einstein-Hilbert gravity, it was seen that the resulting quantum theory had no well defined
high-energy behavior. In the sense that the theory was plagued with ultraviolet divergences
arising at each loop order which cannot be absorbed in previous existing terms, thereby
making the theory non-renormalizable [1–3]. Moreover the gravitational coupling strength
was seen to grow without a bound. To overcome these hurdles, the idea of asymptotic safety
scenario was suggested which generalizes the notion of renormalizability [4, 5] (see also [6] for
a review). Around the same time another proposal came into existence: considering gravity
theory at high energies by incorporating higher-derivative terms [7], which was shown to be
perturbatively renormalizable to all loops. Although the theory was seen to have problems
with tree level unitarity, these problems were conjectured to vanish in quantum theory [8, 9].
Indeed, it was seen that under quantum corrections this modified theory evades the problems
of higher-derivative ghosts [10, 11]. These theories have been thoroughly investigated with
or without matter, at one-loop [12–19].
An interesting proposal born of induced gravity, where the quantum fluctuation of mat-
ter generates dynamics of gravity [20–25] with an Einstein-Hilbert term, was very actively
investigated. The idea actually was proposed earlier [26–28] but later works of Adler and
Zee made it more formal. Furthermore, it was realized that Einstein-Hilbert gravity could
be generated from a Weyl-invariant theory of matter and gravity [29, 30]. Recently this
proposal of induced gravity coupled with higher-derivative gravity has gained momentum
[31–36], where low energy Einstein-Hilbert gravity is generated via symmetry breaking in
UV well defined quantum theory of scale-invariant system. This new proposal has wide
applications in cosmology too. In fact a lot of work has already been done in this direction
[37, 38].
In this paper we consider AdS solutions in the generalised gravity theory, in particular the
induced gravity. In the bulk of the gravity, there is a non-minimal coupling of the scalar field
to the Ricci curvature. The action we consider is from induced gravity action, where one
obtains the usual Einstein-Hilbert gravity, when the scalar field acquires a non-zero vacuum
expectation value. For a review of induced gravity, see also [25]. We also add a curvature-
squared term. The quadratic curvature-squared terms can appear in low energy effective
action of string compactifications, see for example [14]. The curvature-squared terms can
also appear in brane world-volume actions, and are relevant in brane-world models. Hence
it is important to study the behavior of such actions.
We find AdS solutions from this action. AdS solutions are particularly interesting for the
AdS/CFT correspondence. This correspondence [39–41] has provided a remarkable way to
study quantum gravity by quantum field theory on the boundary of the spacetime. It reveals
that the bulk spacetime dynamically emerges from the degrees of freedom on the boundary
[42–45]. We further obtain the action of the fluctuation fields on the AdS background at
quadratic and cubic orders.
The organization of the rest of this paper is as follows. In subsection IIA, we analyze
the gravity action coupled non-minimally with a scalar field, with higher-derivative terms,
and find AdS solutions. In subsection IIB, we expand the fluctuation fields around the AdS
background that we obtained. In subsection IIC, we take care of the gauge fixing condi-
tions and compute the corresponding ghost action. In subsections IID and IIE, we obtain
the action of the fluctuation fields on the AdS background at quadratic and cubic orders
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respectively, which will be relevant to the correlation functions in the study of AdS/CFT.
In subsection II F, we briefly discuss some relations to AdS/CFT for these AdS solutions.
Finally, we draw some conclusions in section III.
II. ADS BACKGROUNDS AND BULK GRAVITY
A. Bulk Gravity and AdS
The bulk gravity action is
S =
∫
ddx
√−g
[
1
2
ξRφ2 + aR2 − 1
2
(∂µφ)
2 − 1
2
m2φ2 − V (φ)
]
. (1)
The total spacetime dimension is d. The φ is the scalar field in the bulk, R is the Ricci
scalar for the corresponding bulk metric gµν , m
2 is the mass-squared of the scalar, while the
potential V (φ) dictates the self-interactions of the scalar. The coupling ξ is dimensionless
and positive in all spacetime dimensions, i.e. ξ > 0. The signature taken is {−,+,+,+, · · · },
while the spacetime dimension d is kept arbitrary. The term 1
2
ξRφ2 in the action encodes
the explicit non-minimal coupling of the scalar field φ to the Ricci curvature R. For the
Euclidean path integral to be bounded from below, we demand that a > 0.
We will study the solutions to the equation of motion of the above action to look for cases
where AdS geometry can be realized. The equation of motion for the above system can be
obtained by varying the action with respect to fields gµν and φ. The equation of motion for
the action given in Eq. (1) is given by
a
[
1
2
gµνR
2 − 2RRµν + 2∇µ∇νR− 2gµνR
]
+
1
2
ξφ2
(
1
2
gµνR− Rµν
)
+
1
2
ξ(∇µ∇ν − gµν)φ2 − 1
2
(
1
2
gµν(∂φ)
2 − ∂µφ∂νφ
)
− 1
2
gµν
(
1
2
m2φ2 + V (φ)
)
= 0 , (2)
and
φ + ξRφ−m2φ− V ′(φ) = 0 . (3)
The first and second equations come by varying the action with respect to fields gµν and φ
respectively.
To search for maximally symmetric solutions such as the AdS geometry we take
gµν = g¯µν , R = R¯, φ = φ¯, (4)
where a bar on quantities denotes their background values on the solution. For these ge-
ometries
R¯µνρσ =
R¯
d(d− 1)(g¯µρg¯νσ − g¯µσg¯νρ) , R¯µν =
R¯
d
g¯µν , (5)
and R¯ doesn’t depend on spacetime. On AdS spaces R¯ < 0, while R¯ > 0 for dS, and
R¯ = 0 for flat spaces. The equation of motion simplifies very much if one chooses to look
for maximally symmetric solutions. This gives the background geometry.
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For maximally symmetric solutions, the simplified equation of motion for these is given
by,
a(d− 4)
d
R¯2 +
ξ(d− 2)
2d
φ¯2R¯− V (φ¯)− 1
2
m2φ¯2 = 0 , (6)
ξR¯φ¯−m2φ¯− V ′(φ¯) = 0 . (7)
Then we get
R¯ =
(
m2 +
V ′(φ¯)
φ¯
)
1
ξ
. (8)
The value φ¯ is the solution to the equation
a(d− 4)
ξ2d
(
m2 +
V ′(φ¯)
φ¯
)2
− 1
d
m2φ¯2 − V (φ¯) + d− 2
2d
V ′(φ¯)φ¯ = 0 . (9)
For AdS solution,
m2 + V ′(φ¯)/φ¯ < 0, (10)
hence R¯ < 0 for the AdS geometry.
The gravitational dynamics is dictated by the non-minimal piece (Rφ2). In the case
when φ acquires a nonzero vacuum expectation value (vev), the action acquires a simple
form whose resemblance is that of Einstein-Hilbert gravity with cosmological constant term.
The effective Newton’s constant GN is extracted from the coefficient of the kinetic term of
the metric fluctuation(
1
2
aR¯ +
1
8
ξφ¯2
)√−g¯hµνhµν = 1
16πGN
√−g¯ 1
4
hµνh
µν . (11)
(See Eq. (50) for detailed derivation.) The part of the residual action including the Einstein-
Hilbert and the cosmological constant pieces, can be written as,
S =
1
16πGN
∫
ddx
√−g [R− Λ] . (12)
So from here one has Λ < 0 when one has an AdS geometry. The Newton’s constant is
obtained after the scalar field receives the vev. The corresponding Newton’s constant is
GN =
1
8π(4aR¯ + ξφ¯2)
. (13)
The positivity of the Newton’s constant requires that
φ¯2
|R¯| >
4a
ξ
. (14)
We have that GN = l
d−2
p , and the mass dimension is [G
−1
N ] = [M
d−2]. The d-dimensional
Planck constant is
lp =
[
8π(4aR¯+ ξφ¯2)
]−1/(d−2)
. (15)
The radius of curvature of the AdS background is
RAdS =
√
−ξd(d− 1)
m2 + V ′(φ¯)/φ¯
. (16)
4
There is implicit dependence of RAdS on a. In the Planck unit,
RAdS
lp
=
√
−ξd(d− 1)
m2 + V ′(φ¯)/φ¯
[
8π(4aR¯ + ξφ¯2)
] 2
d−2 . (17)
Our solutions for the metric of the AdS background in Poincare coordinates is
ds2 =
R2AdS
z2
[dz2 + ηabdx
adxb], (18)
where z and xa with a = 0, 1, ..., d− 2 are d dimensional coordiantes, ηab is a metric of d− 1
dimensional flat spacetime with a, b = 0, 1, ..., d − 2, the radius RAdS is (17), and R¯ and φ¯
are (8).
We then consider examples of the potential V (φ) in various dimensions. In general
dimensions including d = 4, we consider an example
V (φ) =
λ
4
φ4 +
µ
3
φ3, λ > 0. (19)
Then using equation (9), we get, for d = 4,
φ¯ = −3m
2
µ
, (20)
R¯ =
m2
ξ
(
9λm2
µ2
− 2). (21)
For the above AdS solutions with R¯ < 0, the condition on the parameters is 0 < m2 < 2µ
2
9λ
for d = 4. While for d 6= 4, the solutions are more complicated looking, and for d 6= 4, a = 0,
we have a simple expression,
φ¯ = − µ
3(d− 4)λ
(
d− 6 +
√
(d− 6)2 + 36(d− 4)λm
2
µ2
)
, (22)
R¯ =
d
ξ(d− 4)(m
2 +
1
3
µφ¯). (23)
For the above AdS solutions with R¯ < 0, the condition on the parameters is: 0 < m2 < 2µ
2
9λ
for 4 < d 6 6, while − (d−6)2µ2
36(d−4)λ
6 m2 < 2µ
2
9λ
for d > 6. These AdS solutions are obtained
when the scalar field acquires a vacuum expectation value. Here we have shown explicitly
the examples with the potential (19). One could also have more complicated form of V (φ).
The variation of fields on the background are φ = φ¯ + ǫϕ and gµν = g¯µν + ǫhµν . The
potential can be expanded near φ¯ as
V (φ) = V (φ¯) + ǫV ′(φ¯)ϕ+
1
2
ǫ2V ′′(φ¯)ϕ
2
+
1
6
ǫ3V ′′′(φ¯)ϕ
3
+
1
24
ǫ4V ′′′′(φ¯)ϕ
4
+ · · · . (24)
The derivatives of V (φ) near φ¯ will be used in the next subsections.
We also mention that more general solutions with non-constant φ¯ from Eq. (3) are more
complicated, and one may use the useful techniques developed in [46, 47].
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B. Expansions
In the last subsection we have found solutions that has an AdS geometry. For this we first
compute the equation of motion by doing a generic variation of action with respect to fields.
This will result in equation of motion. Moreover, if we expand the action Eq. (1) around
the background dictated by the last subsection, in powers of fluctuation fields, then it is
seen that the linear order terms in the fluctuations will correspond to equation of motion,
the second order terms will give the kinetic behavior (propagator, masses), while the higher
order terms will give the interactions. Here we will be only concerned with computation
up to third order expansion of action given in Eq. (1). In the following we will give the
expansions of various geometrical quantities, followed by second and third order expansions
of the action. These expansions will be relevant for the two-point and three-point correlators
in AdS/CFT.
Here we give details of the various series expansions that are used in this paper. The fields
are decomposed around a fixed background, where the background carries the spacetime
dependence which is the outcome of equation of motions of the theory. We have that
gµν = g¯µν + ǫhµν , φ = φ¯+ ǫϕ . (25)
Here ǫ is a small parameter which is an expansion parameter. It is incorporated in order to
keep track of the expansion-order. Under this decomposition, the expansion of the inverse
metric and the determinant of metric is given by,
gµν = g¯µν − ǫhµν + ǫ2hµαhαν − ǫ3hµαhαβhβν · · · ,
√−g = √−g¯
[
1 +
ǫ
2
h+ ǫ2
(
h2
8
− 1
4
hµνh
µν
)
+ ǫ3
(
h3
48
− h
8
hµνh
µν +
1
6
hµαh
α
βh
β
µ
)
+ · · ·
]
,
(26)
where h = g¯µνhµν . The expansion of Christoffel connection can be obtained by plugging
the expansion of metric and its inverse in the definition of the Christoffel connection, and
collecting pieces at various orders of ǫ. This gives
Γα
µ
β = Γ¯α
µ
β + ǫ
(∇¯αhµβ + ∇¯βhµα − ∇¯µhαβ)− ǫ2hµρ (∇¯αhρβ + ∇¯βhρα − ∇¯ρhαβ)
+ǫ3hµσh
σρ
(∇¯αhρβ + ∇¯βhρα − ∇¯ρhαβ)+ · · · . (27)
From here the variation of Christoffel connection at various orders can be read easily. Using
this one can perform a series expansion of the various curvature tensors: Riemann tensor,
Ricci tensor and Ricci scalar. We define the Riemann tensor in the following manner,
[∇µ,∇ν ]V ρ = RµνρσV σ , Rµνρσ = ∂µΓνρσ − ∂νΓµρσ + ΓµρλΓνλσ − ΓνρλΓµλσ , (28)
where V µ is an arbitrary vector field. The expansion of the Riemann tensor is given by,
Rµν
ρ
σ = R¯µν
ρ
σ + ǫ
(∇¯µΓ(1)ν ρσ − ∇¯νΓ(1)µ ρσ)
+ǫ2
(
∇¯µΓ(2)ν ρσ − ∇¯νΓ(2)µ ρσ + Γ(1)µ ρλΓ(1)ν λσ − Γ(1)ν ρλΓ(1)µ λσ
)
+ǫ3
(
∇¯µΓ(3)ν ρσ − ∇¯νΓ(3)µ ρσ + Γ(1)µ ρλΓ(2)ν λσ + Γ(2)µ ρλΓ(1)ν λσ − Γ(1)ν ρλΓ(2)µ λσ − Γ(2)ν ρλΓ(1)µ λσ
)
+ · · · .
(29)
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The Ricci tensor is then obtained by contracting the first and third index of the above
expression of the Riemann tensor. Its expansion is given by,
Rνσ = Rρν
ρ
σ = R¯νσ + ǫ
(∇¯ρΓ(1)ν ρσ − ∇¯νΓ(1)ρ ρσ)
+ǫ2
(
∇¯ρΓ(2)ν ρσ − ∇¯νΓ(2)ρ ρσ + Γ(1)ρ ρλΓ(1)ν λσ − Γ(1)ν ρλΓ(1)ρ λσ
)
+ǫ3
(
∇¯ρΓ(3)ν ρσ − ∇¯νΓ(3)ρ ρσ + Γ(1)ρ ρλΓ(2)ν λσ + Γ(2)ρ ρλΓ(1)ν λσ − Γ(1)ν ρλΓ(2)ρ λσ − Γ(2)ν ρλΓ(1)ρ λσ
)
+ · · · .
(30)
From this we note that a useful handy expression that often enters these expansion. These
expression in terms of fluctuation hµν can be written in simple forms as,
Γ(1)ρ
ρ
σ =
1
2
∇¯σh , Γ(2)ρ ρσ = −
1
2
hρα∇¯σhρα , Γ(3)ρ ρσ =
1
2
hρθh
θα∇¯σhρα . (31)
One can use these to obtain the expansion of the Ricci tensor. At each order one can perform
commutation of covariant derivatives to obtain expressions which involve divergences of hµν .
At first order it is given by,
R(1)νσ =
1
2
[
∇¯ν∇¯ρhρσ + ∇¯σ∇¯ρhρν + R¯νλhλσ + R¯σλhλν − 2R¯ρνλσhρλ −hνσ − ∇¯ν∇¯σh
]
. (32)
At second order the expansion is given by,
R(2)µν = ∇¯ρΓ(2)µ ρν − ∇¯µΓ(2)ρ ρν +
1
4
[
∇¯λh (∇¯µhλν + ∇¯νhλµ − ∇¯λhµν)− ∇¯µhρλ∇¯νhρλ
−∇¯λhρµ∇¯ρhλν + ∇¯λhρµ∇¯λhρν + ∇¯ρhµλ∇¯ρhλν − ∇¯ρhµλ∇¯λhρν
]
. (33)
At third order the expansion is given by,
R(3)µν = ∇¯ρΓ(3)µ ρν − ∇¯µΓ(3)ρ ρν −
1
4
(∇¯αh)hαλ
(∇¯µhλν + ∇¯νhλµ − ∇¯λhµν)
−1
4
(hρα∇¯λhρα)
(∇¯µhλν + ∇¯νhλµ − ∇¯λhµν)− 1
2
hλα
[
∇¯µhρλ∇¯νhαρ + ∇¯λhρµ∇¯νhαρ
−∇¯ρhµλ∇¯ρhαν + ∇¯ρhµλ∇¯αhρν
]
. (34)
In order to obtain the expansion of the Ricci scalar one has to make use of both the expansion
of the inverse metric and Ricci tensor. At first order this expansion is given by,
R(1) = ∇¯µ∇¯νhµν − ¯h− R¯µνhµν . (35)
At second order we have the following,
R(2) = R¯ρνλσh
ρλhνσ − hνσ∇¯ν∇¯ρhρσ + 1
2
hνσ¯hνσ +
1
2
hνσ∇¯ν∇¯σh+ 1
2
∇¯λh∇¯σhλσ
−1
4
∇¯λh∇¯λh+ 1
4
∇¯ρhνλ∇¯ρhνλ − 1
2
∇¯λhρν∇¯ρhλν + g¯νσ
(∇¯ρΓ(2)ν ρσ − ∇¯νΓ(2)ρ ρσ) . (36)
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At third order the expansion is more elaborate as there are more number of terms. We have,
R(3) = g¯νσ
(∇¯ρΓ(3)ν ρσ − ∇¯νΓ(3)ρ ρσ)− 14hλα(∇¯λh)
(
2∇¯νhνα − ∇¯αh
)
−1
4
(hρλ∇¯αhρλ)
(
2∇¯νhνα − ∇¯αh
)− 1
2
hλα
(
∇¯νhρλ∇¯νhαρ + ∇¯λhρν∇¯νhαρ − ∇¯ρhνλ∇¯ρhαν
+∇¯ρhνλ∇¯αhρν
)
− hνθhθαhασR¯νσ + 1
2
hναh
ασ
(
∇¯ν∇¯ρhρσ + ∇¯σ∇¯ρhρν + R¯νλhλσ + R¯σλhλν
−2R¯ρνλσhρλ −hνσ − ∇¯ν∇¯σh
)
− hµν(∇¯ρΓ(2)µ ρν − ∇¯µΓ(2)ρ ρν) +
1
4
hµν
[
∇¯λh(∇¯µhλν + ∇¯νhλµ
−∇¯λhµν
)− ∇¯µhρλ∇¯νhρλ − ∇¯λhρµ∇¯ρhλν + ∇¯λhρµ∇¯λhρν + ∇¯ρhµλ∇¯ρhλν − ∇¯ρhµλ∇¯λhρν
]
.
(37)
C. Gauge-fixing and Faddeev-Popov ghosts
Here in this subsection we will take into account the gauge fixing condition and compute
the corresponding ghost action.
We analyze the diffeomorphism invariant action of the coupled system using background
field method [48, 49]. It is advantageous, as by construction it preserves background gauge
invariance. The field is decomposed into background and fluctuation. Keeping the back-
ground fixed the path-integral is then reduced to an integral over the fluctuations. The
gravitational metric field is decomposed into background and fluctuation. To prevent over-
counting of gauge-orbits in the path-integral measure, a constraint is applied on this fluctu-
ation field, which results in appearance of auxiliary fields called ghosts. This procedure of
systematically applying the constraint leading to ghost can be elegantly taken care of by the
Faddeev-Popov prescription [50, 51]. The effective action generated after integrating over
the fluctuation and auxiliary fields still enjoys invariance over the background fields.
The diffeomorphism invariance of the full action in Eq. (1) implies that for arbitrary
vector field V ρ, the action should be invariant under the following transformation of the
metric field variable,
δDγµν = LV γµν = V ρ∂ργµν + γµρ∂νV ρ + γνρ∂µV ρ , (38)
where LV γµν is the Lie derivative of the quantum metric γµν along the vector field V ρ.
Decomposing the quantum metric γµν into background (g¯µν) and fluctuation (ǫhµν) allows
one to figure out the transformation of the fluctuation field while keeping the background
fixed. This will imply the following transformation of hµν ,
δDhµν =
1
ǫ
(∇¯µVν + ∇¯νVµ)+ V ρ∇¯ρhµν + hµρ∇¯νV ρ + hνρ∇¯µV ρ , (39)
where ∇¯ is the covariant derivative whose connection is constructed using the background
metric. This is the full transformation of the metric fluctuation field. For small ǫ only the
leading term is relevant. In the quantum theory it is seen that the leading term leads to
one-loop effects while higher-loop comes from O(ǫ0) terms. The invariance of the action is
broken by choosing an appropriate gauge-fixing condition implemented via Faddeev-Popov
procedure [50].
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The gauge fixing action chosen for fixing the invariance under the transformation of the
metric fluctuation field is given by,
Sgf =
1
2α
∫
ddx
√−g¯(∇¯ρhρµ)g¯µν(∇¯σhσν) . (40)
This gauge-fixing action introduces the gauge-fixing parameter α. When α = 0 the gauge
condition is imposed sharply, resulting in Landau gauge Fν = ∇¯µhµν = 0. The breaking of
gauge-invariance leads to Faddeev-Popov ghosts which is obtained following the prescription
given in [50]. We introduce gauge-condition in the path-integral by multiplying the later
with unity in the following form,
1 =
∫
DF Vµ exp
[
i
2α
∫
ddx
√−g¯F Vµ g¯µνF Vν
]
, (41)
where F Vµ is the gauge transformed Fµ. The original path-integral (without gauge-fixing) is
invariant under transformation Eq. (39) of the field hµν , and this implies that a change of
integration variable from hµν to h
V
µν doesn’t give rise to any Jacobian in the path-integral
measure. However replacing the measure over F Vµ with the measure over V
ρ introduces a
non-trivial Jacobian in the path-integral. This is obtained as follows,
DF Vµ = det
(
∂Fµ
∂V ρ
)
DV ρ . (42)
In the background field formalism this Jacobian consists of background covariant derivative,
background and fluctuation fields, and is independent of the transformation parameter V ρ.
This implies that it can be taken out of the functional integral over V ρ. Changing the inte-
gration variable from hVµν to hµν , and ignoring the infinite constant generated by integrating
over V ρ, gives us the gauge fixed path integral.
The Faddeev-Popov determinant in Eq. (42) is then exponentiated by making use of
anti-commuting auxiliary fields. These auxiliary fields are known as Faddeev-Popov ghosts.
The path integral of the full ghost sector is given by,∫
DC¯µDCν exp
[
−i
∫
ddx
√−g¯
{
C¯µ
(
∂Fν
∂V ρ
)
Cρ
}]
, (43)
where C¯µ and Cν are Faddeev-Popov ghost fields arising from the gauge fixing in the gravi-
tational sector.
In the case when Fµ is given as in Eq. (40), the Faddeev-Popov ghost action is given by,
SFPgh = −
∫
ddx
√−g¯C¯µXµρCρ , (44)
where,
Xµρ = g¯
µν
[
1
ǫ
(∇¯ρ∇¯ν + g¯νρ¯)+ ∇¯ρhσν∇¯σ + ∇¯σ∇¯ρhσν + ∇¯σhνρ∇¯σ + hνρ¯
+∇¯σhσρ∇¯ν + hσρ∇¯σ∇¯ν
]
. (45)
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Here the last several terms contain terms linear in hµν . These are not relevant in doing one-
loop computations, but at higher-loops they are important. The full action of the theory
(which includes the coupled gravity and matter action, gauge fixing and ghost action) pos-
sesses BRS invariance. Furthermore, in flat spacetime there is a residual symmetry coming
from dilatation invariance [52]. One can still make the following coordinate transformation
ωµ(x) = ωxµ , (46)
where ω is a constant parameter. In flat spacetime this is a dilatation. This symmetry
invariance is broken by imposing h = 0, where h = trhµν . This doesn’t lead to generation
of ghost action [53]. Furthermore, on AdS background with fixed AdS radius, dilatation
invariance is broken. In curved space following [53] we use h = 0 as the trace-free condition.
In fact this can be incorporated in the action of the theory by using a Lagrange multiplier
[52]. Variation with respect to Lagrange multiplier leads to constraint h = 0. This can
be viewed as a constraint imposed to break dilatation invariance. In the following we will
impose the Landau gauge (∇¯µhµν = 0) and dilatation breaking (h = 0) to obtain the second
and third order terms on the maximally symmetric background.
D. Second order
In this subsection we compute the second order terms for the action given in Eq. (1).
The full second variation on a general background without the usage of gauge conditions is
a complicated expression consisting of several terms. This acquires a bit simpler form once
integration by parts is done. To compute second order variation of the action one needs
the expansion up to second order in ǫ of
√−g, gµν , gµν , Γµρν , and R. These expansions
are computed in subsection IIB. Here we make use of these expansions to compute the
variations of the action, on the background in subsection IIA. The second variation of the
Rφ2 term, without integration by parts, is given by,
SRφ2 =
1
2
ǫ2ξ
∫
ddx
√−g¯
[(
1
8
h2 − 1
4
hµνh
µν
)
R¯φ¯2 + φ¯2
{
R¯ρνλσh
ρλhνσ − hνσ∇¯ν∇¯ρhρσ
+
1
2
hµνhµν +
1
2
hνσ∇¯ν∇¯σh+ 1
2
∇¯λh∇¯σhλσ − 1
4
∇¯λh∇¯λh+ 1
4
∇¯ρhνλ∇¯ρhνλ
−1
2
∇¯λhρν∇¯ρhνλ + 1
2
h(∇¯µ∇¯νhµν −h− R¯µνhµν) + g¯νσ(∇¯ρΓ(2)ν ρσ − ∇¯νΓ(2)ρ ρσ)
}
+φ¯
{
hR¯ϕ+ 2ϕ(∇¯µ∇¯νhµν −h− R¯µνhµν)
}
+ R¯ϕ2
]
, (47)
where the expansions of Christoffel appear in form of total derivative and won’t contribute
in the bulk studies. However they generate a surface term. The second variation of R2 term
of the action is given by,
SR2 = aǫ
2
∫
ddx
√−g¯
[(
1
8
h2 − 1
4
hµνh
µν
)
R¯2 + R¯h(∇¯µ∇¯νhµν −h− R¯µνhµν)
+∇¯µ∇¯νhµν∇¯α∇¯βhαβ +hh + R¯µνhµνR¯αβhαβ − 2∇¯µ∇¯νhµνh− 2∇¯µ∇¯νhµνR¯αβhαβ
+2hR¯αβh
αβ + 2R¯
{
R¯ρνλσh
ρλhνσ − hνσ∇¯ν∇¯ρhρσ + 1
2
hµνhµν +
1
2
hνσ∇¯ν∇¯σh+ 1
2
∇¯λh∇¯σhλσ
10
−1
4
∇¯λh∇¯λh+ 1
4
∇¯ρhνλ∇¯ρhνλ − 1
2
∇¯λhρν∇¯ρhνλ + 1
2
h(∇¯µ∇¯νhµν −h− R¯µνhµν)
+g¯νσ(∇¯ρΓ(2)ν ρσ − ∇¯νΓ(2)ρ ρσ)
}]
. (48)
The second variation for the matter part is a bit simpler as the gravitational couplings are
simpler. These are given by,
Smatter = ǫ
2
∫
ddx
√−g¯
[
−
(
1
8
h2 − 1
4
hµνh
µν
)(
1
2
m2φ¯2 + V (φ¯)
)
− 1
2
h(m2φ¯+ V ′(φ¯))ϕ
+
1
2
ϕϕ− 1
2
(m2 + V ′′(φ¯))ϕ2
]
. (49)
These second order expansion terms are over generic background (with arbitrary background
curvature but with constant φ¯) and in arbitrary dimensions. However this gets simplified
once integration by parts is done and Landau gauge (∇¯µhµν = 0) and trace free condition
(h = 0) is employed. Under these constraints the second variation gets very simplified as
many terms go away. Then the residual second variation is given by,
S(2) = ǫ2
∫
ddx
√−g¯
[
hµν
{
1
2
ξφ¯2
(
1
4
− (d
2 − 3d+ 4)R¯
4d(d− 1)
)
+ aR¯
(
1
2
− (d
2 − 5d+ 8)R¯
4d(d− 1)
)
+
1
4
(
1
2
m2φ¯2 + V (φ¯)
)}
hµν +
1
2
ϕ
(
+ ξR¯−m2 − V ′′(φ¯))ϕ] . (50)
The surface terms produced during this are included in appendix A.
E. Third order
The third order terms are needed to compute the cubic couplings. These will give
the three-point correlators on the boundary of AdS spacetime, which will be relevant for
AdS/CFT. At the third order the number of terms are quite many for each term of the
action when expanded. We would make use of gauge conditions and requirement of maxi-
mally symmetric spacetime background. The third order terms coming from Rφ2 piece of
the action are
S
(3)
Rφ2 =
ǫ3
2
ξ
∫
ddx
√−g¯
[
φ¯2
{
1
6
hµαh
α
βh
β
µR¯ +R
(3)
}
+ 2φ¯ϕ
(
−1
4
hµνh
µνR¯ +R(2)
)]
, (51)
where we used the simplification that on a maximally symmetric background one has that
the first variation of R(1) is zero. The expressions for R(2) and R(3) are given in subsection
IIB. For the case of R2 piece of action the third variation is given by,
S
(3)
R2 = aǫ
3
∫
ddx
√−g¯
[
1
6
hµαh
α
βh
β
µR¯ + 2R¯R
(3)
]
. (52)
We notice that this expansion has some similar structure with the expansion of Rφ2 piece.
The third order expansion for the matter sector is
S
(3)
matter = ǫ
3
∫
ddx
√−g¯
[
1
2
hµν∂µϕ∂νϕ− 1
6
V ′′′(φ¯)ϕ3 +
1
4
hµνhµν(m
2 + V ′(φ¯))ϕ
+
1
6
hµαh
α
βh
β
µ
(
1
2
m2φ¯2 + V (φ¯)
)]
. (53)
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We can combine all the pieces of the third order expansion of the action and write it in a
unified form. This is given by,
S(3) = ǫ3
∫
ddx
√−g¯
[{
(d+ 2)ξR¯φ¯2
12(d− 1) +
(d+ 5)aR¯2
6(d− 1) −
1
6
(
1
2
m2φ¯2 + V (φ¯)
)}
hµαh
α
βh
β
µ
+
(
1
2
ξφ¯2 + 2aR¯
){
−(∇¯νhλα)hρν(∇¯λhαρ) + 1
2
(∇¯ρhλα)hνλ(∇¯αhρν) + 1
2
hνσhρα∇¯ρ∇¯αhνσ
+
1
4
(∇¯µhρλ)(∇¯νhρλ)hµν + 1
2
(∇¯ρhµν)hµλ(∇¯ρhλν) + 1
2
hµνhµ
λhλν
}
+
1
2
hµν∂µϕ∂νϕ
−1
6
V ′′′(φ¯)ϕ3 +
1
4
hµνhµν(m
2 + V ′(φ¯))ϕ
]
. (54)
To obtain these one has to perform several integrations by parts which allowed us to make
use of the Landau gauge and trace-free condition. The surface terms generated in this
computation are included in appendix A.
F. AdS/CFT discussion
After the scalar field receives the vev, the gravity action has an Einstein-Hilbert term,
as well as terms of matter fields and higher derivative terms. The Einstein-Hilbert term is
induced when the scalar acquires a non-zero vacuum expectation value. At the same time,
we obtained the maximally symmetric AdS background and the dynamics of its fluctuation
fields, and we can use the AdS/CFT correspondence [39–41]. The dual field theory is in
its conformally invariant vacuum [55]. The fluctuation fields on the AdS background are
obtained in the above subsections.
The fluctuation of the scalar field is ϕ. The quadratic part of the Lagrangian of ϕ is
L(ϕ) = −1
2
(∂ϕ)2 − 1
2
m2ϕϕ
2, (55)
where
m2ϕ = m
2 − ξR¯ + V ′′(φ¯) = V ′′(φ¯)− V ′(φ¯)/φ¯, (56)
and we have used Eq. (8).
The operator dual to ϕ is a scalar operator O with scaling dimension ∆ = ∆+ [41],[40],
∆± =
d− 1
2
±
√
(
d− 1
2
)2 +m2ϕR
2
AdS
=
d− 1
2
±
√
(
d− 1
2
)2 +
V ′(φ¯)− V ′′(φ¯)φ¯
V ′(φ¯) +m2φ¯
ξd(d− 1), (57)
where we used Eq. (56). The Breitenlohner-Freedman (BF) bound [54] demands that
1
4
(d− 1) + V
′(φ¯)− V ′′(φ¯)φ¯
V ′(φ¯) +m2φ¯
ξd > 0. (58)
The corresponding two-point function of the scalar operator is
〈O(x)O(x′)〉 = dO|x− x′|2∆ , (59)
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where dO is the normalisation factor. The three-point functions are related to the cubic
couplings in the third order variation of the action.
The AdS radius in the Planck unit is related to the number of degrees of freedom of the
fields in the field theory side. We can derive that the central charge is
cT ∝
(
RAdS
lp
)d−2
=
( −ξd(d− 1)
m2 + V ′(φ¯)/φ¯
)(d−2)/2 [
8π(4aR¯+ ξφ¯2)
]
. (60)
The AdS solution is perturbatively stable when the fluctuation modes have mass-squared
above the Breitenlohner-Freedman (BF) bound [54]. We find that the solutions are pertur-
batively stable, with the condition above, in which the AdS background is stable against
small fluctuations.
III. CONCLUSIONS AND DISCUSSIONS
In this paper, we analyzed a higher derivative gravity model coupled non-minimally with
scalar field with a general potential. The aim of the paper is to see whether such an action
can have AdS geometry as solution to equation of motion. It has been seen that such an
action can have an AdS geometry for a wide class of potential for field φ and certain choice
of parameters. These actions have been widely studied in the context of induced gravity and
higher-derivative gravity in four or more general spacetime dimensions, where the known
low energy Einstein-Hilbert gravity emerges from a UV well defined model of gravity. Then
it is natural to consider that such actions anticipate AdS geometry as solutions and also
their relation to the extensively studied AdS/CFT.
Here, we start by looking into equation of motions to look for AdS geometry. We found
the AdS solutions in various circumstances. We then compute the second and third variation
of the action. For this we compute first the expansion of various geometrical quantities up
to third order in the fluctuation fields. These expansions are then used to compute the
expansion of the action of the full theory. We choose to work in Landau gauge where the
propagation of longitudinal modes is suppressed. Moreover, in flat spacetime the usual
harmonic gauge fixing condition doesn’t fix the invariance in the field hµν entirely. There is
a residual freedom left which is caused by dilatation invariance. This can be fixed by using
the trace-free condition. In AdS geometry with fixed AdS radius such dilatation invariance is
broken, which means one lacks the freedom to have conformal transformation with arbitrary
conformal factor. The trace-free condition has also been used in the context of asymptotic
safety.
The expansion of the geometrical quantities is used to obtain the expansion of the action
of the theory up to the third order. In holographic language the second order terms are
used to obtain mass-parameter for various field modes, while the third order terms lead to
various correlators on the boundary. More details of the study of these relations deserve
further investigation and we leave them for future exploration.
We obtain a new scenario for AdS solutions, in particular in the context of induced
gravity. This scenario can have various generalizations. We can couple other fields with
the system. For example, we can add vector fields or fermions into the system. This
scenario potentially has interesting applications for holographic correspondence. On the
other hand, the modified gravity theory and the Einstein gravity have slightly different
physical observables. For example, the wave form of the gravitational waves predicted from
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scalar-tensor theory and the Einstein gravity are slightly different. Because the physical
observables are slightly variant, hence understanding the detailed dictionary of holography
for modified gravity theory is interesting and deserves future investigations.
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Appendix A: Boundary terms
Here in this appendix we write the boundary terms that are generated while performing
integration by parts during the course of evaluation at various orders. These may play some
role in CFT on the boundary.
At second order the boundary terms are given by,
(∂M)(2) = ǫ2
(
1
2
ξφ¯2 + 2aR¯
)∫
ddx
√−g¯
[
−1
2
∇¯ν(hνσ∇¯ρhρσ) + 1
2
∇¯ν(hνσ∇¯σh)− 1
4
∇¯λ(h∇¯λh)
+
1
4
∇¯ρ(hνλ∇¯ρhνλ)− 1
2
∇¯λ(hρν∇¯ρhλν) + ∇¯ρ(g¯νσΓ(2)ν ρσ)− ∇¯ν(g¯νσΓ(2)ρ ρσ) +
1
2
∇¯α(g¯αβϕ∇¯βϕ)
]
.
(A1)
At the third order the boundary terms are more complicated, as one has to perform more
number of integrations by parts. And we have
(∂M)(3) = ǫ3
(
1
2
ξφ¯2 + 2aR¯
)∫
ddx
√−g¯
[
∇¯ρ(g¯νσΓ(3)ν ρσ)− ∇¯ν(g¯νσΓ(3)ρ ρσ)−
1
2
∇¯ν(hλαhρλ∇¯νhαρ)
+
1
2
∇¯ν(hλαhρν∇¯λhαρ)− 1
2
∇¯λ(hλαhρν∇¯νhαρ) + 1
2
∇¯ρ(hλαhνλ∇¯ρhνα)− 1
2
∇¯ρ(hλαhνλ∇¯αhρν)
+
1
2
∇¯ν(hνσΓ(2)ρ ρσ)−
1
4
∇¯ν(hµνhρλ∇¯µhρλ) + 1
2
∇¯λ(hµνhρµ∇¯ρhλν)− 1
2
∇¯λ(hµνhρµ∇¯λhρν)
]
+
ǫ3
2
ξφ¯
∫
ddx
√−g¯
[
∇¯ρ(ϕg¯νσΓ(2)ν ρσ)− ∇¯ν(ϕg¯νσΓ(2)ρ ρσ) +
1
2
∇¯λ(ϕhµν∇¯λhµν) + 1
4
∇¯λ((∇¯λϕ)hµνhµν)
−∇¯λ((∇¯ρϕ)hρνhλν)− ∇¯ρ(ϕhλν∇¯λhρν)
]
. (A2)
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